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Abstrat
The predition of shok-indued osillations over transoni rigid airfoils is important for a
better understanding of the bueting phenomenon. The unsteady resolution of the Navier-
Stokes equations is performed with various transport-equation turbulene models in whih
orretions are added for non-equilibrium ows. The lak of numerial eieny due to the
CFL stability ondition is irumvented by the use of a wall law approah and a dual time
stepping method. Moreover, various numerial shemes are used to try and be independent
of the numerial disretization.
Comparisons are made with the experimental results obtained for the superritial RA16SC1
airfoil. They show the interest in using the SST orretion or realizability onditions to get
orret preditions of the frequeny, amplitude and pressure utuations over the airfoil.
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Nomenlature
x, y, z loal wall frame (boundary layer)
Uτ frition veloity
Cf shear stress oeient
Cp pressure oeient
Fc, Fd onvetive and diusive ux densities
Pk turbulent kineti energy prodution
M∞ innite Mah number
Rec Reynolds number based on the mean hord
Ti stagnation temperature
u, v, w veloity omponents in the loal wall frame
q total heat ux, qv + qt
k turbulent kineti energy
P stati pressure
Pr, Prt Prandtl numbers
T mean stati temperature
α angle of attak
ε dissipation rate
κ von Karman onstant
ω spei dissipation
µ, µt moleular and eddy visosity
ρ density
τ total stress tensor, τv + τ t
w wall value
+ wall sale
1 adjaent ell with respet to the wall
v
visous
t
turbulent
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1 INTRODUCTION
The numerial simulation of unsteady turbulent ows around airfoils is motivated by the
need to better understand omplex ow phenomena appearing in aeronauti appliations
suh as ows over airraft wings. The present work fouses on the transoni buet. This
aerodynami phenomenon results in a self-sustained periodi motion of the shok wave over
the surfae of the airfoil, due to the development of instabilities aused by the boundary
layer separation and the shok wave interation. The shok-indued osillations (SIO) over
rigid airfoils in transoni regime have been lassied by Tijdeman for fored instabilities
using a moving trailing edge ap [1℄. A detailed desription of the physial features of
SIO is given by Lee [2℄. This problem is of primary importane for aeronauti appliations
as it an lead to the bueting phenomenon through the mehanial response of the wing
struture. The large amplitude periodi variation of lift assoiated with buet limits the
ruising speed of ommerial airraft and severely degrades the maneuverability of ombat
airraft. Aurate preditions of suh ow phenomena is of signiant tehnologial inter-
est and their simulation remains a hallenging problem due to the omplex physis involved.
Today, despite the fast improvement of omputer performanes, the unsteady resolu-
tion of the Navier-Stokes equations remains a diult problem. Three-dimensional time-
dependent omputations obtained with large eddy simulations (LES) and espeially with
diret simulations (DNS) are not yet pratial for this kind of appliations beause of the
high demands in omputer resoures. In this study, the Reynolds deomposition was used
with an averaged statistial proessing resulting in the RANS equations for the mean ow
quantities. This approah leads to a low frequeny separation between modeled and om-
puted sales. It is well known that these equations an be legitimely used for ows in
whih the time sale of the mean ow unsteadiness is muh larger than the harateristi
time sale of the turbulene. This is the ase with the transoni buet in whih the shok-
indued osillation frequeny is around 100Hz.
The Reynolds deomposition introdues additional unknown quantities like the Reynolds
stress tensor and requires a turbulene model to lose the equation system. Various tur-
bulene losures an be found in the literature of unsteady numerial simulation ows
assoiated with buet, osillating airfoils or dynami stall. Models are more or less sophis-
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tiated, from the Baldwin-Lomax algebrai model [3, 4℄, to one or two transport-equation
models [5, 6, 7, 8, 9℄, to EARSM [8℄, RSM [9℄ and non-linear models [9℄. Regarding the
shok loation for steady ows, algebrai models annot give preditions with an aept-
able level of auray. The standard eddy-visosity models based on the linear Boussinesq
relation are known to be aited by numerous weaknesses, inluding seriously exessive
generation of turbulene at impingement zones, an inability to apture the boundary layer
separation and a violation of realizability at large rates of strain. Moreover, theses models
are formulated following the spetral energy of Kolmogorov with an equilibrium assump-
tion of turbulene and they are alibrated for steady ows. However, for unsteady ows,
the presene of oherent strutures an break this equilibrium and lead to a dierent en-
ergy distribution. An observed onsequene is the over-prodution of eddy-visosity, whih
limits the unsteadiness development and modies the ow topology. The present study
investigated some orretions for standard linear models suh as the shear stree transport
(SST) Menter orretion and the use of realizability onstraints. A rst study was on-
duted, onsisting of numerial simulation of transoni buet over airfoils [10℄ with the SST
orretion. It were shown the great inuene of this limiter for two-equation models and
good results were obtained. Other ways of limiting the eddy-visosity or the prodution of
turbulene kineti energy an be used, suh as a derease the value of the Cµ oeient [12℄
or the introdution of the vortiity in the prodution term [13℄ but they were not tested.
Another important aspet onerns the numerial methods and the omputer ost.
Indeed, unsteady RANS omputations with turbulene models remain expensive. Expliit
methods solved the equations using a global time step omputed as the minimum of the
loal time step assoiated with eah grid ell. The CFL stability riterion drastially
redues the method eieny for ne meshes for whih the dimensionless mesh size at
the wall must be of unity order, in wall units. To overome this diulty, a wall law
approah is used to relax the mesh renement near the wall [11℄. Moreover, omputations
are performed with an eient impliit method allowing some large time steps and with the
dual time-stepping approah allowing the use of aeleleration tehniques suh as multigrid
algorithm and loal time step. Finally, the paper presents a numerial sheme omparison
to study the inuene of the sheme on these unsteady omputations and to try and be
independent of the spatial disretization.
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2 NUMERICS
The numerial simulations were arried out using an impliit CFD ode solving the unou-
pled RANS/turbulent systems for multi-domain strutured meshes. This solver is based
on a ell-entered nite-volume disretization.
2.1 Governing equations
The ompressible RANS equations oupled with a two-equation turbulene model in in-
tegral form are written for a ell of volume Ω limited by a surfae Σ and with an outer
normal n. These equations an be expressed as :
d
dt
∫
Ω
w dΩ+
∮
Σ
Fc.n dΣ−
∮
Σ
Fd.n dΣ =
∫
Ω
S dΩ (1)
w =


ρ
ρV
ρE
ρk
ρΨ


; Fc =


ρV
ρV ⊗ V + pI
(ρE + p)V
ρkV
ρΨV


; Fd =


0
τv + τ t
(τv + τ t).V − qv − qt
(µ + µt/σk) grad k
(µ+ µt/σΨ) gradΨ


where w denotes the onservative variables, Fc and Fd the onvetive and diusive ux
densities and S the soure terms whih onern only the transport equations. Ψ is the
length sale determining variable.
The exat expression of the eddy visosity µt and the soure terms depends on the turbu-
lene model, as well as the onstants σk and σΨ.
The total stress tensor τ is evaluated following the Stokes hypothesis and the Boussinesq
assumption. The total heat ux vetor q is obtained from the Fourier law with the onstant
Prandtl number hypothesis.
τ = τv + τ t = (µ+ µt)
[
1
2
( grad V + ( grad V )t)− 2
3
(div V )I
]
+
2
3
kI (2)
q = qv + qt = −
(
µ
Pr
+
µt
Prt
)
Cp gradT (3)
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2.2 Numerial methods
For the mean ow, the spae-entered Jameson sheme [14℄ was used. It was stabilized
by a salar artiial dissipation onsisting of a blend of 2
nd
and 4
th
dierenes. For the
turbulene transport equations, the upwind Roe sheme [15℄ was used to obtain a more
robust method. The seond-order auray was obtained by introduing a ux-limited
dissipation [16℄. The Harten's entropy orretion was used.
Time integration was performed through a matrix-free impliit method [17, 18℄. The
impliit method onsists in solving a system of equations arising from the linearization
of a fully impliit sheme, at eah time step. The main feature of this method is that
the storage of the Jaobian matrix is ompletely eliminated, whih leads to a low-storage
algorithm. The visous ux Jaobian matries are replaed by their spetral radii. The
onvetive ux are written with the Roe sheme instead of the Jameson sheme beause
of the dissipation term, the use of an inonsistent linearization having no onsequene for
steady omputations. The Jaobian matries whih appear from the linearization of the
entered uxes are approximated with the numerial uxes and the numerial dissipation
matries are replaed by their spetral radii.
Conerning the turbulene transport equations, the diusive ux Jaobian matrix are also
replaed by their spetral radii. The soure term needs a speial treatment [19℄. Only the
negative part of the soure term Jaobian matrix is onsidered and replaed by its spetral
radius.
The impliit time-integration proedure leads to a system whih an be solved diretly or
iteratively. The diret inversion an be memory intensive and omputationally expensive.
Therefore, an impliit relaxation proedure is preferred and the point Jaobi relaxation
algorithm was hosen.
For steady state omputations, onvergene aeleration was obtained using a loal
time step and the full approximation storage (FAS) multigrid method proposed by Jame-
son [20, 21℄. Foring funtions are dened on the oarser grids and added to the residuals
used for the stepping sheme. The orretions omputed on eah oarse grid are transferred
bak to the ner one by trilinear interpolations. The turbulent equations are only solved
on the ne grid and the omputed eddy visosity µt is transferred to the oarse grids. The
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multigrid algorithm is applied through a V type yle.
For unsteady omputations, the dual time stepping method, proposed by Jameson [21℄,
was used to takle the lak of numerial eieny of the global time stepping approah.
The derivative with respet to the physial time is disretized by a seond-order formula.
Making the sheme impliit with respet to the dual time provides fast onvergene to
the time-aurate solution. Between eah time step, the solution is advaned in a dual
time and aeleration strategies developed for steady problems an be used to speed up
the onvergene in titious time. The initialization of the derivative with respet to the
physial time was performed with a rst-order formula.
2.3 Far eld onditions
At the outer edge of the omputational domain, a non-reeting ondition is used with a
vortiity orretion in order to simulate a uniform innite ow. It is dedued from the ow
eld indued by a single vortex, the strength of whih is given by the airfoil lift [22℄.
2.4 Turbulene Models
Various popular two-equation turbulene models were used in the present study : the
Smith k − l model [23, 24℄, the Wilox k − ω model [25℄, the Menter SST k − ω model
[26, 27℄, the high Reynolds version of the Jones-Launder k − ε model [28℄, the Kok k − ω
model [29℄ and also the one-equation Spalart-Allmaras model [30, 31℄.
As the disretization sheme does not insure the positivity of the turbulent onservative
variables, limiters were used to avoid negative k or Ψ values. These limiters were set equal
to the orresponding imposed boundary values in the far eld.
SST orretion
The Menter orretion is based on the empirial Bradshaw's assumption whih binds the
shear stress to the turbulent kineti energy for two-dimensional boundary layer. This
orretion was extended for the k − ε model and the k − l model.
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non-equilibrium orretion
The nonequilibrium orretion of Smith [32℄, developed for the k − l model, onsists in
modifying the omputation of the eddy visosity by introduing a funtion σ :
µt = σµteq ; σ =
α− 0.25α1/2 + 0.875
α3/2 + 0.625
; α =
min
(
Pkeq , 0
)
ε
(4)
where the subsript eq denotes the equilibrium value. The non-equilibrium funtion was
hosen to limit the eddy-visosity when prodution is greater than dissipation and to in-
rease the visosity above the equilibrium model value in the ontrary ase.
Durbin orretion - link with realizability
Based on the realizability priniple (the variane of the utuating veloity omponents
should be positive and the ross-orrelations bounded by the Shwartz inequality), a mini-
mal orretion was derived for two-equation turbulene models and was shown to ure the
stagnation-point anomaly [33℄. The ondition to ensure realizability in a three-dimensional
ow is :
Cµ ≤
1
s
√
3
; s =
k
ε
S ; S2 = 2SijSij −
2
3
S2kk (5)
A weakly non-linear model was thus obtained [35℄ with a Cµ oeient funtion of the
dimensionless mean strain rate :
Cµ = min
(
Coµ,
c
s
√
3
)
with c ≤ 1 (6)
where Coµ is set to the onstant value 0.09. Durbin xed the value of the onstant c to 0.5
for good results in impinging jets [34℄. Then, the following relation was obtained for the
k − ε model :
µt = ρCµ
k2
ε
; Cµ = min
(
Coµ,
0.3
s
)
(7)
And for the k − ω model :
µt = ρCµ
k
ω
; Cµ = min
(
1,
0.3
Coµs
)
(8)
It should be noted that this orretion is similar to the SST formula by replaing Ω with
S. Yet, the Durbin orretion is established with mathematial onepts and is available
for three-dimensional ows whereas the SST orretion is based on an empirial two-
dimensional hypothesis. This model has been suessfully tested on shok wave/boundary
layer interations with the Wilox k − ω model [35℄.
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Realibration of the onstants for the Kok model
The Kok model has been built in order to resolve the dependene on freestream values of
ω. The turbulene transport equations of the model are given by :
∂ρk
∂t
+ div [ρkV − (µ+ σkµt) grad k] = Pk − β∗ρkω
∂ρω
∂t
+ div [ρωV − (µ+ σωµt) gradω] = Pω − βρω2
+σd
ρ
ω
grad k. grad ω
Kok obtained additional onstraints for the onstants :
σω − σk + σd > 0
σk − σd > 0
The hoie of Kok was :
σω = 0.5 ; σk = 2/3 ; σd = 0.5
The onstant values were hanged, following all onstraints, to show the sensitivity of
the model to the ross-diusion term grad k. grad ω in the ω equation for these unsteady
omputations.
test 1 : σω = 0.5 ; σk = 2/3 ; σd = 0.65
test 2 : σω = 0.5 ; σk = 1 ; σd = 0.85
2.5 Wall law approah
At the wall, a no-slip ondition was used oupled to a wall law treatment. It onsists in
imposing the diusive ux densities, required for the integration proess, in adjaent ells
to a wall. The shear stress τ and the heat ux q are obtained from an analytial veloity
prole :
u+ = y+ if y+ < 11.13
u+ =
1
κ
ln y+ + 5.25 if y+ > 11.13
u+ = u/Uτ ; y
+ =
yUτ
νw
(9)
In equation (9), u represents the van Driest [36, 37℄ transformed veloity for ompressible
ows.
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Conerning transport-equation turbulene models, k was set to 0 at the wall and its pro-
dution was imposed aording to the formulation proposed by Viegas and Rubesin [38, 39℄.
The seond variable was dedued from an analytial relation and was imposed in adjaent
ells to a wall. The harateristi length sale of the Chen model [40℄ was used for the
dissipation rate ε and the spei dissipation ω. For the Smith model, a standard linear
law for the length l was used.
For the one-equation Spalart-Allmaras model, the transported quantity was imposed in
adjaent ells to a wall by using the losure relations of the model, the veloity prole and
a mixing-length formulation for the eddy-visosity. More details onerning the wall law
approah are given in [11℄.
For unsteady boundary layers, the existene of a wall law was assumed valid at eah
instant. As shown in [41℄, the veloity phase shift is nearly onstant in the logarithmi
region and equal to the shift of the wall shear stress phase. This is true for a Strouhal
number up to 10.
When using the wall law approah with the multigrid algorithm, the wall law boundary
ondition was applied on the ne grid and the no-slip ondition was applied on the oarse
grids.
3 Numerial results
3.1 Experimental onditions
The experimental study was onduted in the S3MA ONERA wind tunnel [42℄ with the
RA16SC1 airfoil. It is a superritial airfoil with a relative thikness equal to 16% and
a hord length equal to 180mm. The RMS pressure utuations were measured from
36 Kulite transduers installed in the airfoil. The ow onditions were : M∞ = 0.732,
Ti = 283K, Rec = 4.2 10
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and the angle of attak varied from 0 to 4.5◦. Transition was
xed near the leading edge at x/c = 7.5% on both sides of the airfoil.
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3.2 Computational onditions
For the omputations, experimental orretions were used. The Mah number was de-
reased by 0.09 and the angle of attak was dereased by 1◦ at all inidenes with respet
to experiment. The grid was a C-type topology. It ontained 321× 81 nodes, 241 of whih
were on the airfoil(f. gure 1, 2). The y+ values of the oarse mesh, at the enter of the
rst ell, are presented in gure 3 for a steady omputation at α = 4◦.
The numerial parameters used for the omputations were :
- the dimensionless time step, ∆t∗ =
∆tai
c
= 0.2
where c is the hord of the airfoil and ai the stagnation sound veloity
- grid levels for the multigrid method, 2
- sub-iterations of the dual time stepping method, 75 up to 100
By inreasing the number of sub-iterations, it was heked that the same solution was
ahieved.
- the CFL number, 200
- Jaobi iterations for the impliit stage, 14
- the artiial dissipation of the Jameson sheme introdues two oeients, one for the
seond-dierene term: χ2 = 0.5 and one for the fourth-dierene term: χ4 = 0.016. For
the seond grid level, the oeient χ4 was xed at 0.032
- the oeient of the Harten's orretion, 0.05
Computations started from a uniform ow-eld using a loal time step and one grid
level. After 50 iterations, the dual time stepping method was used with the mulgrid
algorithm and osillations develop with a growing amplitude.
3.3 Comparison of turbulene models
The frequeny f and the amplitude of the lift oeient ∆CL are reported in table 1 for
all turbulene models and for three angles of attak α = 3, 4 and 5◦, orresponding to the
buet onset, established phenomenon and buet exit, i.e. the return to a steady state,
respetively.
The apaity of turbulene models to restitute the natural unsteadiness of the ow
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without and with any orretion was rst examinated.
The Spalart-Allmaras model an reprodue the buet phenomenon, the frequeny being
underestimated with respet to the experimental values. The lift amplitude was very weak
for the buet onset and the buet exit was not obtained.
The Smith k− l model needs a orretion to obtain unsteady results. The Smith orretion
does not seem to be eient for these unsteady omputations. Yet, the SST orretions
enable the model to simulate the buet. As for the Spalart-Allmaras model, the lift ampli-
tude was largely underestimated for the buet onset and the buet exit was not predited.
The Jones-Launder k − ε model an provide unsteady solutions without any orretion.
Yet, the lift amplitude was largely underestimated for α = 4o and the model ompletely
damped the natural unsteadiness for the onset. The shok-indued osillations appear at
an angle of attak of 3.7o rather than 3o for the experimental value. Thanks to the addition
of the SST orretion a larger amplitude of the lift oeient was obtained but the buet
onset was not predited. The realizability onditions of Durbin enable the model to predit
the buet onset but the lift oeient amplitude obtained is largely underpredited. For
the established phenomenon, the amplitude is loser to the experimental value when using
the Durbin orretion in omparison with the use of the SST orretion. The bak to a
steady state was not simulated for the three omputations with the k − ε model.
The Wilox and Menter k−ω models fail to ompute this appliation, the results obtained
being ompletely steady. Adding the ross-diusion term grad k. grad ω in the ω equation
of the Menter model, in omparison with the Wilox model, does not enable the model to
predit shok-indued osillations. Adding the SST orretion to the Menter model has
a great inuene and allows self-sustained osillations to be predited with a very good
agreement with respet to the experimental data.
The Kok k − ω model an ompute natural unsteadiness for the established phenomenon
but the buet onset and the buet exit are not predited. It seems that the SST orre-
tions and the realizability onstraints do not modify the behaviour of the model.
The realibration of the onstant of the Kok model was tested for the three angles of attak.
The frequeny and amplitude of the lift oeient are reported in table 2. Inreasing the
σd oeient indued an inreased amplitude of the lift oeient for all angles of attak
and allowed the predition of the entrane in the SIO domain. Yet, there is no buet exit
at α = 5o.
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When omparing all turbulene models, the best results are learly obtained with the
SST Menter model, for the three angles of attak. The amplitude of the lift oeient
is remarkably predited and the buet exit is only predited when using this model. All
these results show the interest of the use of a orretion for this unsteady appliation.
The RMS values of the pressure utuations over the airfoil are ompared in gure 4
with experimental results at the angle of attak α = 3o. The pressure side is represented by
the negative values of the absisse. The SST Menter model learly provides the best result.
Over the pressure side the omputed pressure utuation is in very lose agreement with
the measured values. The peak on the upper side, orresponding to the shok movement,
is well loated but underestimated by 15%. The results obtained by the other turbulene
models are very far from the experimental data, pressure utuations over the airfoil being
largely underestimated.
Figure 5 presents the RMS pressure utuations over the airfoil obtained with the modied
Kok k − ω models. For the two tests, the peak over the upper side is at a downstream
loation in omparison with the experiment. Both models under-estimate the maximum
value on the upper side, espeially the test-1 modied model and the amplitude of the
shok displaement. Over the pressure side, the test-1 Kok model under-predits the level
of pressure utuations. It seems that the inrease in the oeient σd allows a better
apture of the unsteadiness of the ow.
The RMS values of the pressure utuations over the airfoil are plotted in gure 6 for
an angle of attak α = 4o and just for the k − ε models. The great inuene of the SST
orretion and the realizability onstraints an be observed. Without any orretion, the
pressure utuations are largely under-estimated on the pressure side and on the trailing
edge of the upper side. The amplitude of the shok displaement are too weak in ompari-
son with the experimental values and the peak is not well loated on the upper side. With
orretions, the pressure utuations on the trailing edge of the upper side are lose to the
experimental data. The amplitude of the shok and the peak loation are in better agree-
ment with the experiment. Yet, the maximum value on the upper side is over-predited
while, on the pressure side, the utuations level is over-estimated. The hange of the
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value of the onstant c in the realizability onstraints should improve the results.
The RMS pressure utuations over the airfoil obtained with the Kok k − ω models
are the same and are not plotted together. In gure 7, the RMS pressure utuations are
plotted for all generi turbulene models. Over the pressure side, the k − ε model with
the Durbin orretion over-predits the pressure utuation and all other models give good
results. Over the upper side, the peak is well loated exept for the Kok model. The maxi-
mum value is under-estimated by the SST Menter model. Downstream the shok loation,
at the trailing edge, a large disrepany with experimental values, whih an reah 50%,
is observed for all models.
Finally, the RMS values of the pressure utuations over the airfoil are presented in
gure 8 for the Kok k − ω models. When the onstant σd is inreased, the displaement
of the shok over the upper side is extended and the pressure levels beome more important.
3.4 Inuene of the numerial sheme
The previous paragraph analyzed various turbulene models omputed with one numerial
sheme for the mean ow : the Jameson sheme. This part presents the inuene of the
numerial sheme, all omputations being arried out with one turbulene model. For the
quality of results, the SST Menter model was seleted. Conerning the integration of the
turbulent transport equations, a seond-order Roe sheme is always used.
We onsider the upwind Roe sheme [15℄, the AUSM+ Liou sheme [43℄ and the Jame-
son sheme in whih the dispersive error is anelled. The Roe and Liou shemes being
of rst-order spatial auray, the MUSCL extrapolation is used to inrease the spatial
auray. Extrapolated values at a ell interfae are given by :
wLi+1/2,j = wi,j +
1
4
[(1− κ)(wi,j − wi−1,j) + (1 + κ)(wi+1,j − wi,j)] (10)
wRi−1/2,j = wi,j −
1
4
[(1 + κ)(wi,j − wi−1,j) + (1− κ)(wi+1,j −wi,j)] (11)
The onstant κ is set to 1/3. This hoie allows the dispersive error to be minimized and
the third-order spatial auray to be approahed. Although the ow presents a disonti-
14
nuity with the shok wave, no slope limiter, ensuring the TVD property, was used. Indeed,
omputations of the buet over transoni airfoil with a limited Roe-MUSCL sheme showed
the great inuene of the slope limiter on the amplitude of the lift oeient [44℄.
The frequeny and amplitude of the lift oeient are reported in table 3 for all nu-
merial shemes and for the three angles of attak. For the entrane in the SIO domain,
at α = 3o, the amplitude of the lift oeient is largely under-estimated with the Liou
and Roe shemes. In omparison with the experiment, the lift amplitude obtained with
the Jameson orreted is less lose to the result obtained with the Jameson sheme.
For the established phenomenon, at α = 4o, the Liou and Roe shemes gave very lose
results with respet to the experiment, in omparison with the result obtained with the
Jameson sheme. The use of the Jameson orreted sheme allows the improvement of the
frequeny and amplitude of the lift oeient.
For the buet exit, at α = 5o, the bak to a steady state is predited by all shemes exept
by the Jameson orreted one. The omputed exit of the SIO domain is probably due to
a numerial artefat.
The RMS values of the pressure utuations over the airfoil are plotted in gure 9 for
an angle of attak α = 4o. The Jameson shemes provide approximately the same solu-
tion. The Roe and Liou shemes largely under-predit the peak in the sution side. It is
surprising that the Jameson sheme gives better results than the Roe and Liou shemes
whih are less dissipative.
To explain these surprising results, weighted shemes were implemented to take into
onsideration the mesh deformation. Indeed, as shown in gure 2, the seond adjaent ell
to a wall is largely ner than the rst one, due to the use of a wall law approah. This
important hange of ell size indues a loss of spatial auray whih an be orreted. The
entered numerial uxes and the gradient omputations are orreted by using a weighted
disretization operator µ˜wi+1/2 instead of the lassial operator µwi+1/2 = 0.5(wi+1+wi).
Let A and B two points and M an interior point of the segment AB, the weighted disrete
operator is dened by :
µ˜BAwM =
MB
AB
wB +
AM
AB
wA (12)
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For the MUSCL reonstrution, a orretion is also used, the extrapolated values at a
ell interfae beome, for three points P,Q,R orresponding to i− 1, i, i + 1 :
wLi+1/2,j = wi,j +
PR
2PQ
[
(1− κ)(wi,j − wi−1,j) + (1 +
PR
RQ
κ)(wi+1,j −wi,j)
]
(13)
wRi−1/2,j = wi,j −
PR
2PQ
[
(1 + κ)(wi,j − wi−1,j) + (1−
PR
RQ
κ)(wi+1,j − wi,j)
]
(14)
It is also possible to take into aount the mesh deformation in the omputation of the
Jameson artiial dissipation. The formulation of the third derivative of the onservative
variable δ3w, for four pointsM,P,Q,R orresponding to i−2, i−1, i, i+1, an be expressed :
δ3wi+1/2,j = 6PQ
3
(
wi+1,j
RQ× PR×MR +
wi,j
QR× PQ×MQ +
wi−1,j
PQ× PR×MP −
wi−2,j
MQ×MR × PM
)
Yet, the use of the orreted artiial dissipation (alled Jameson weighted 2 in the
following) makes the onvergene more diult to obtain. The χ4 oeient is set to
0.032 for the rst level grid. The Jameson sheme in whih the dispersive error has been
anelled is not tested with a weighted formulation.
The frequeny and the amplitude of the lift oeient are reported on the table 4 only
for one angle of attak α = 4o. The weighted orretion yields an inrease of the amplitude
of the lift oeient and a redution of the frequeny for all shemes.
The RMS values of the pressure utuations over the airfoil are plotted in gure 10
for α = 4o. We an see that the weighted orretion allows to improve the result for
all shemes in omparison with the experimental values and with the standard Jameson
sheme. Moreover, results obtained with the Roe and Liou shemes are approximatively
idential and are very loser to those obtained with the Jameson weighted sheme. We
hoose to use the Roe-MUSCL weighted sheme in the following of the artile rather than
the Jameson weighted sheme. Indeed, it allows to eliminate two parameters, the χ2 and
χ4 oeients.
3.5 Inuene of the veloity prole in the wall law boundary ondition
The wall law approah is based on the use of an analytial veloity prole in the turbulent
boundary layer. The two-layer model omposed by a linear law and a logarithmi law is
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one of the simplest. We have implemented the Spalding law [45℄, more sophistiated, to
evaluate the inuene of the veloity prole. This law is given by :
y+ = u+ + exp (−κC)
[
exp (κu+)− 1− κu+ − (κu
+)2
2
− (κu
+)3
6
]
The wall skin frition is omputed from this law with a Newton algorithm .
A omputation is realized with the Roe-MUSCL weighted sheme and the SST Menter
turbulene model for an angle of attak α = 4o. The frequeny and the amplitude of the
lift oeient are reported on the table 5.
We note that the frequeny of the shok indued osillations and the amplitude of the
lift oeient are idential with the two formulations.
The RMS values of the pressure utuations over the airfoil are plotted in gure 11.
Results are very lose, a little disrepany is observed on the peak on the upper side. It
seems that the veloity prole has a weak inuene for these unsteady omputations.
3.6 Inuene of the Harten's entropy orretion
For the turbulene transport equation integration, numerial uxes are omputed with a
seond order Roe sheme in whih the Harten orretion is added. This orretion was used
for transoni appliations and improved the robustness of omputations integrated down
to a wall with a very ne mesh. The orretion ats on the eigenvalue of the turbulent
system, the normal veloity to an interfae, by trunating it near the wall. There is, a
priori, no solid arguments to use it for the turbulent system exept the onvergene aspet.
With the use of a wall law treatment, the robustness is largely improved and the Harten
orretion an be anelled. A omputation is realized with the Roe-MUSCL weighted
sheme, the SST Menter turbulene model, the Spalding veloity prole and without any
Harten orretion for an angle of attak α = 4o. The frequeny and the amplitude of the
lift oeient are reported on the table 6. We an see that the Harten orretion has a sig-
niant inuene on the amplitude of the lift oeient and limits the buet phenomenon.
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The RMS values of the pressure utuations over the airfoil are plotted in gure 12.
The Harten orretion dereases the displaement of the shok wave over the upper side
and limits the pressure utuations over the airfoil. Without the Harten orretion, results
obtained are in better agreement with the experiment over the sution side and over-predit
the pressure utuations over the pressure side.
3.7 Simulation of the buet
Computations are made with the SST Menter turbulene model, the Roe-MUSCL weighted
sheme, the Spalding veloity prole and without the Harten orretion for seven angles
of attak from α = 3o up to α = 6o.
The entrane in the SIO domain is well predited by the numerial simulation for both
frequeny and amplitude of the phenomenon. The bak to a steady state is evidened by
the omputations for an angle of attak of 6o. That is one degree more in omparison with
the experimental value. It learly shows the inuene of the numeris on theses unsteady
omputations for the buet exit.
The evolution of the redued frequeny 2pifc/U∞ and the RMS amplitude of the lift oef-
ient versus the angle of attak are plotted in gures 13 and 14. Disrepanies between
omputations and experimental data are observed but the tendeny is well reprodued by
the omputations. As the angle of attak grows, the frequeny of SIO inreases, the ampli-
tude of the phenomenon reahes a maximum value and dereases up to zero. Unfortunately,
the omputed frequeny is under-estimated and the RMS amplitude is over-predited. It
is diult to explain the gap of one degree for the exit of the SIO domain.
The RMS values of the pressure utuations over the airfoil are plotted in gures 15, 16
and 17 for three angles of attak. The evolution of pressure utuations is remarkably es-
timated over the both side for all omputations. The peak value is a little under-estimated
for the entrane of the buet. For the other angle of attak, the peak and the amplitude
of the shok displaement are well omputed. Over the trailing edge of the pressure side,
RMS values are in good agreement with the experiment, the largest disrepanies are ob-
served at the buet onset.
18
4 Conlusion
The unsteady two-dimensional omputations of the transoni buet over a superritial
airfoil are performed with an impliit solver whih reveals the great sensitivity to the tur-
bulene modeling and the numerial shemes. Usual turbulene models fail in orretly
prediting SIO and the introdution of a weakly non-linear orretion in the denition of
the eddy visosity yields better results. Two dierent approahes are tested, the use of
the empirial Bradshaw's assumption through the SST orretion and the enforement of
the realizability priniple. Another approah onsists in realibrating the onstant of the
model for unsteady ows. For the Kok model, by inreasing the onstant of the ross-
diusion term, results are improved and the buet onset an be predited.
The paper presents also the inuene of the numerial shemes and the signiant improv-
ments brought by onsidering the mesh deformation espeially for the Roe and AUSM+
Liou shemes. The numeris has also a signiant inuene for the omputation of the SIO
domain exit to a steady state.
Finally, the omplete SIO domain is omputed with a weakly non-linear turbulene model
and a weighted sheme assoiated with a wall law approah for the RA16SC1 airfoil. The
evolution of the frequeny and the amplitude of the phenomenon is qualitatively well pre-
dited. The buet exit is also well reprodued but the orresponding angle of attak is
shifted by one degree. Yet, the RMS pressure utuations over the airfoil, diretly relies
on the physis of the phenomenon, are in very good agreement with experimental values.
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α = 3o α = 4o α = 5o
model f (Hz) ∆CL f (Hz) ∆CL f (Hz) ∆CL
experiment 88 0.11 100 0.308 probably
steady state
Spalart-Allmaras 82 0.0146 92 0.325 100 0.55
k − l - - steady state - -
k − l orreted - - steady state - -
k − l SST 79.5 0.0084 97.6 0.296 101.8 0.53
k − ε steady state 95.6 0.17 97.6 0.43
k − ε SST steady state 95.6 0.48 101.8 0.67
k − ε Durbin 85.2 0.012 93.7 0.437 101.8 0.67
k − ω Wilox - - steady state - -
k − ω Menter - - steady state - -
k − ω SST Menter 90 0.11 96.6 0.33 steady state
k − ω Kok steady state 94.6 0.26 95.6 0.48
k − ω Kok SST steady state 94.6 0.26 96.6 0.445
k − ω Kok Durbin steady state 94.6 0.26 96.6 0.45
Table 1: Frequeny and amplitude of the lift oeient
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α = 3o α = 4o α = 5o
model f (Hz) ∆CL f (Hz) ∆CL f (Hz) ∆CL
experiment 88 0.11 100 0.308 steady state
k − ω Kok steady state 94.6 0.26 95.6 0.48
k − ω Kok - test 1 91 0.051 93.7 0.318 95.6 0.55
k − ω Kok - test 2 87.6 0.084 91 0.46 91 0.735
Table 2: Frequeny and amplitude of the lift oeient - Kok model
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α = 3o α = 4o α = 5o
model f (Hz) ∆CL f (Hz) ∆CL f (Hz) ∆CL
experiment 88 0.11 100 0.308 probably
steady state
Jameson 90 0.11 96.6 0.33 steady state
Roe MUSCL 90 0.014 99.7 0.3 steady state
AUSM+ MUSCL 90 0.018 98.6 0.307 steady state
Jameson orreted 91 0.097 97.6 0.327 99.7 0.46
Table 3: Frequeny and amplitude of the lift oeient
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α = 4o
sheme f (Hz) ∆CL
experiment 100 0.308
Jameson 96.6 0.33
Jameson weighted 96.6 0.346
Jameson weighted 2 95.6 0.343
Roe MUSCL 99.7 0.30
Roe MUSCL weighted 96.6 0.34
AUSM+ MUSCL 98.6 0.307
AUSM+ MUSCL weighted 98.6 0.358
Table 4: Frequeny and amplitude of the lift oeient
27
α = 4o
veloity prole f (Hz) ∆CL
experiment 100 0.308
two-layer model 96.6 0.34
Spalding law 96.6 0.34
Table 5: Frequeny and amplitude of the lift oeient
28
α = 4o
f (Hz) ∆CL
experiment 100 0.308
with Harten orretion 96.6 0.34
without Harten orretion 93.7 0.40
Table 6: Frequeny and amplitude of the lift oeient
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SST Menter model experiment
angle of attak f (Hz) ∆CL f (Hz) ∆CL
α = 3o 89 0.106 88 0.11
α = 3.5o 90.1 0.28 92 0.25
α = 4o 93.7 0.40 100 0.31
α = 4.5o 96.6 0.44 108 0.26
α = 5o 98.6 0.50 probably steady state
α = 5.5o 104 0.47 -
α = 6o steady state -
Table 7: Frequeny and amplitude of the lift oeient
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Figure 2: Enlargement of the trailing edge of the mesh
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Figure 4: RMS pressure utuations over the airfoil - α = 3o
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Figure 5: RMS pressure utuations over the airfoil - α = 3o k − ω models
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Figure 6: Rms pressure utuations over the airfoil - α = 4o k − ε models
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Figure 7: Rms pressure utuations over the airfoil - α = 4o
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Figure 8: Rms pressure utuations over the airfoil - α = 4o
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Figure 9: Rms pressure utuations over the airfoil - α = 4o
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Figure 10: Rms pressure utuations over the airfoil - α = 4o
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Figure 11: Rms pressure utuations over the airfoil - α = 4o
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Figure 12: Rms pressure utuations over the airfoil - α = 4o
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Figure 13: Redued frequeny versus angle of attak
42
angle of attack α
∆
C L
rm
s
2.5 3 3.5 4 4.5 5 5.5 60
0.02
0.04
0.06
0.08
0.1
0.12
0.14
0.16
0.18
0.2
computation
experiment
Figure 14: Amplitude rms of the lift oeient versus angle of attak
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Figure 15: Rms pressure utuations over the airfoil - α = 3o
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Figure 16: Rms pressure utuations over the airfoil - α = 3.5o
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Figure 17: Rms pressure utuations over the airfoil - α = 4o
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